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ABSTRACT
Let 4 be any probability measure on R with [ |z|du(z) < co and let u*
denote the associated Hardy and Littlewood maximal p.m., the p.m. of
the Hardy and Littlewood maximal function obtained from u. Dubins and
Gilat [6] showed that u* is the least upper bound, in the usual stochastic
order, of the collection of p.m.’s v+ on R for which there is a martingale
(Xt)o<i<1 having distributions of X; and supg¢,<; X¢ given by u and v
respectively. In this paper, a type of ‘dual repre;er;iation’ is given. Specif-
ically, let v be any p.m. on R with lim sup,_, ., zv[z,00) = 0 and finite
zo = inf{z : v(—o0,z]0}. Then there is a ‘minimal p.m.” vo which is the
greatest lower bound, in the usual convex order, of the collection of p.m.’s u
on R for which there is a martingale (Xt)o<1<1 having distributions of X;
and supy¢;<; Xt given by u and v respectively. To demonstrate existence
and to obtain identification of these minimal p.m.’s, we use, in particu-
lar, a lattice structure on the set of p.m.’s with the convex order, and an
equivalence between a convex order of p.m.’s and the stochastic order of

their maximal p.m.’s. Consequences of these order results include sharp
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expectation-based inequalities for martingales. These martingale inequal-
ities form a new class of ‘prophet inequalities’ in the context of optimal
stopping theory.

Introduction

Stochastic and convex orders on probability measures have been used extensively
to express comparisons of random variables which describe some feature common
to stochastic processes from a given class, such as waiting times for queueing sys-
tems with given interarrival time and service time distributions; system lifetimes
for reliability systems of the same type, with given component lifetimes; and
rates of return on stocks or mutual funds from a given group (see e.g. [14, 9]
and references therein). In probabilistic potential theory, convex orders on mea-
sures are present in the theory of balayage or ‘sweeping out’ of one measure to
another, and lead to results such as Choquet’s integral representation theorems,
Skorokhod embedding theorems, and Strassen’s martingalizability theorems (see
e.g., [5, 10, 15] and references therein). In this paper, we compare terminal
elements of martingales having the same maximum distribution, and find that
martingale with minimal terminal element in the convex order; thus, we exhibit
a kind of ‘constrained balayage’ comparison.

This is a type of ‘dual investigation’ to the use of the stochastic order on proba-
bility measures to draw a precise connection between the maxima of martingales
having the same terminal element. In both investigations, an essential role is
played by the Hardy and Littlewood maximal p.m. u*, the probability measure
of the Hardy and Littlewood maximal function associated with a p.m. pu for
which f° zdu(z) < oo (for a definition, see the remarks preceding Lemma 1.8).
The comparison of maxima results are given in {1, 6, 8], and yield, in particular,
that for any p.m. p on R with [ |z|du(z) < oo,

(0.1)
(i) there is a martingale (Z)o<i<1 for which Z; 2 ¢ and SUPo<t<1 Z, 2 [
(i) p* = Lub.4,{v: there is a martingale (X;)o<i<1 satisfying
X, £ # and supg¢i<y Xe 2 v}

(iti) {v : there is a martingale (X¢)o<i<1 satisfying X, 2 @ and
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supo<t<1{ Xt 2 }={visapm onR:p<,v<,p)
(Here <, denotes the stochastic order and X 2 p denotes that X has associated
p.m. g.)

In the development leading to the results on comparison of terminal elements
in this paper, the underlying analysis uses a lattice structure on probability
measures in the convex order, and an equivalence between convex ordered p.m.’s
and stochastic ordered maximal p.m.’s. These lattice and equivalence results are
given in Section 1; they are connected to results in {7, 14, 16]. Just as the Hardy
and Littlewood maximal p.m. u* is associated to any p.m. u satisfying a right-
tail integrability assumption, we find that there is an appropriate ‘minimal p.m.’
va associated to any p.m. v satisfying a right-tail growth condition. Specifically,

we prove the following,.

THEOREM A: Let v be any p.m. on R satisfying limsup,_, , zv[z,0) = 0, and

denote

o<
E4+(v)=({ pisapm. on R satisfying/zdp(:c) < ooand v <, u*
0

Then £4+(v) is nonempty and there is a unique p.m. v in £4(v) which is the

greatest lower bound of £4(v) in the convex order.

The proof of Theorem A is immediate from Proposition 2.1 and Theorem 2.4.
The p.m. va of Theorem A is called the minimal probability measure associated
with p.m. v. Examples of minimal p.m.’s are developed through Lemma 2.5
and Proposition 2.7. Minimal p.m.’s are used in Theorem 3.1 to link the lattice
structure on probability measures in the convex order to a lattice structure on
maximal p.m.’s in the stochastic order. Some important properties of minimal
p-m.’s are given in Proposition 4.1 and Theorem 4.5.

The results which give a comparison of terminal variables are presented in
Section 5, and yield in particular the following counterpart to the results of
(0.1), which holds for any p.m. v on R satisfying limsup,_, ., zv[z, 00) = 0 with
finite zp := inf{z : ¥(—o0,2] > 0},

(0.2)
(i) there is a martingale (Wy)o<e<1 for which
W 2 va and suppcicy Wi z v;
(1) va = glb.4 {v: there is a martingale (X;)o<i<1 satisfying
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x 2 p and supg<e<q Xt 2 v}; and
(iii) {p : there is a martingale (X;)o<t<1 satisfying X3 2 4 and SUPg<<1 Xt 2
v} ={pisapm. onR: [zdu(z) = z¢ and va <. p <, v}.

(Here <. denotes the convex order.) The results of (0.2) follow immediately from
Theorem 5.1 and Corollary 5.2. As a consequence of these comparison results,
new sharp, expectation-based inequalities for martingales are given in Theorem
5.3. In Remark 5.4, these martingale inequalities are interpreted as a new class
of ‘prophet inequalities’ in optimal stopping theory. This ‘prophet vs. gambler’
interpretation lies at the heart of the p.m. comparison results in this paper,
and was a constant source of motivation throughout the development of this

investigation.

1. Partial Orders and Lattices on Sets of Probability Measures

In this section, we give properties of three partial orders <,, <., and < defined

respectively on spaces

(1.1) P(R) = the collection of probability measures on R = (—00, 0},

=]

& ={nePR): /zd,u(:t:) < oo}, and

E={pePR): /la:ldy(:c) is finite }.

We also discuss (P(R), <,), (€4, <c), and (€, <) as lattices.

For each p.m. p on R, F = F, denotes the distribution function of g and F~! =
F.; ! denotes its left inverse (left-continuous inverse). F~! is defined on (0,1)
by F~!(w) = inf{z : F(z) > w}, and is extended to [0,1] by setting F~1(0) =
F~1(0+) and F~(1) = F~1(1-). In this way, F~! becomes a (extended) random
variable on ([0, 1], B([0, 1]), m) where B([0, 1]) denotes the Borel sets on [0, 1] and
m(dt) = dt denotes Lebesgue measure.

The order <, is defined on P(R) by p1 <, pz iff pi[z,00) < pafz, 00) for all
z € R. Then <, is a partial order on P(R) and, from [14], one obtains the
following.

LEMMA 1.1: Each of the following is equivalent to yu; <, us for u; and p2 in
P(R):
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() [édp1 < [ ¢dus for all nondecreasing functions ¢ for which both integrals
exist; and
(ii) F;.Y(w) < FY(w) for all w € [0, 1].

Observe that P(R) is a lattice in the <, order, under the following operators
V, and A,. If »; and 1, are in P(R) with respective r.v.’s F;! and F; ' on
([0, 1], B([0,1]), m), then v; V, v, is the p.m. associated with r.v. F; ' VF; !, and
1 A, 12 is the p.m. associated with r.v. Fy' A F; L,

Next, we define the order <. on the set of p.m.’s &4 of (1.1) by g1 <. pg iff
[ m(z,00)dz < [ pa(x, 00)dz for all ¢ € R. Then <, is a partial order on £
[14], and from [14] one has the following.

LEMMA 1.2: Each of the following is equivalent to yy <. pa for p.m.’s y, and
P2 in & :

() f(z = t)+dpa(z) < f(z — t)4dus(z) for all t € R;

(i) [édps < [¢dus for all nondecreasing convex functions ¢ for which the

integrals exist.

We show that (£4,<.) is a lattice by finding an appropriate isomorphism
between £; and the space By of functions on R, defined as the collection of

functions ¥ on R satisfying

(1.2) (i) ¥ is convex and nondecreasing,
() Hm($(®) ~ 1) =0, and
(i) Jim (4(t + B) = $(t)) = 0 for all h € R.

The usual pointwise order on functions is taken to be the partial order on By,
denoted <. We first identify the lattice structure on (B4, <) and then carry this
structure over to (€4, <.). To do this, first recall from ([13]: page 37) that the
convex hull of functions {f; : ¢ € I} on R, denoted conv({f; : ¢« € I}), is the
convex hull of the pointwise infimum of {f; : ¢ € I'}. It is the greatest convex
function f on R such that f(z) < fi(z) for every z € R and every : € I.

LEMMA 1.3: The space (B4, <) is a lattice under operations V and A, defined
for '(/)1 and ¢2 in B+ by

(1.3) (1 Ve2)(t) = ¢1(?) Vo2(t) and (¥1 A¢h2)(t) = (conv({¥1,%2}))(2).
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Proof: Let 41 and v be in B, and define ; V¢, and 11 A1 asin (1.3). It is
straightforward to show that ¢ V 2 € By, that ; < ¢ V4, for i = 1,2; and
that if ¥ € By with ¥; < ¢ for : = 1,2, then ¥; V ¢ < 9.

We show that 1, Ay, € By. First, obtain that ¢ < v;(t) for all ¢t € R, for
¢ = 1,2, from (1.2)(i) and (ii); and then use this to obtain that ¢; A %, is real-
valued and that limpeo ((¥1 A92)(2) — t)0. By definition, 9 A, is convex. Also,
11 A ¢, is nondecreasing; if this were not true, then one could find z < y with
¥1(z) A ¥2(z) > P1(y) A ¥2(y), which is impossible since 1, and 32 are both
nondecreasing (e.g., use ([13]: page 37)). If we let Dyu denote the right-hand
derivative of function u, we have Dy (1 A 2) 2> 0, and Dy(th1 A 9a)(t) | as
t | —oo. To show ¢; A v, satisfies (1.2)(iii), it suffices to show

‘}lﬂo Dy (¥ Ap2)(t) = 0.
But we have for each t € R, there is some £ < ¢ such that

Di($1 A 2)(t) < Di($1)(8) V D (2)(2)

and so the result follows since lim¢|_oo Dy (%1)(t) V D4 (¥2)(¢) = 0. This shows
1 A ¥z € B4. From the definition of $; A 99, it is immediate that ;1 A ¥2 < ¢;
for i = 1,2; and that if ¥ € By with ¢ < ¢; for i = 1,2, then ¥ < 1) A¢s. ]

Now, define the mapping I from £; into By by

(N = u(t) 1= [@Vidu(e),  fornees.

One can use the representations

W)=t = [@=duto) = [(e - dute) = [(1 - Fla))ee

to see that 1, is an element of By. Through the mapping T', the lattice structure
of (€4, <) becomes apparent.

PROPOSITION 1.4: The mapping I' is an order-preserving isomorphism from
(E+,=c) to (B4,=<). The space (€4+,<.) is a lattice under the operations V.
and A., defined for py and p, in €4 by

(1.4) W1 Vepz = r! (¢l‘l Vi) and p1Acpz = F_l(¢nx A usy).
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Proof: First, observe from the definitions that for 1, p2 € &4, g1 <. yz if and
only if ¥, (t) < ¥,,(t) for all ¢ € R. The one-to-one property of I' follows from
the anti-symmetry of the partial order <.. The onto property of I is shown
by taking any function satisfying (1.2); defining F((z) := D;4(z), the right-
hand derivative of ¥ at z; and showing that F is a distribution function with
J;” zdF(z) < oo from the properties (1.2). Thus, the inverse mapping I'"! from
B; into &; is identified by (T~2(¢))((~0c0,z]) = D4y(z) for ¥ € B;. Now,
use Lemma 1.3 to show that (£4,<.) is a lattice, and that the mapping I is

order-preserving,. 1

Third, define the order <r on the set of p.m.’s £ of (1.1) by py < pg if
J édpy < [ ¢dus for all convex functions ¢ for which both integrals exist. Now,
< is a partial order on £, but the set € is not a lattice in the <; order. To see
this first observe that if p;, p2 € € with gy <x pa, then [zdu; = [ zdps. Thus,
for any two elements vy, vy € € with f zdv, # f zdy,, there is no element u € £
with g < 11 and g < v2. However, this suggests that we consider, for each
r € R, the set

& ={pePR): /zdp(z) =r}.
We will show that (&, <¢) is a lattice by using the following.

LEMMA 1.5:
(1) (€,<c) is a lattice under the operations V. and A, of (1.4).
(ii) Let p1 and p; be in €. Then py <k pq if and only if y; <. s and
Jzdps = [zdy,.

Proof: To see (i), replace the set By by the set B of functions 3 on R satisfying
(1.2)(i), (i1) and (iii)’ ¥ is bounded from below. Then use reasoning analogous
to that leading to Proposition 1.4. In particular, one shows that (B, <) is a
lattice under the operations of (1.3); and one uses the observation that for u €
&,limyy oo Yu(t) = [ zdp(z), to show that the mapping I' is an order-preserving
isomorphism from (£, <) to (B, <), and that the space (£, <.) is a lattice under
the operations of (1.4). For conclusion (ii), see ([14]: page 9). |

The result that the mapping I is a one-to-one mapping from £ onto B was
given by Gilat [7].
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PROPOSITION 1.6: Fix any r € R. The space (€., <) is a lattice under oper-

ations Vy and Ay defined to be the same as those under the <. order, given in
(1.4).

Proof: Let p1,p2 € E. Now, pq Ac pi2 and pq V¢ gg are in €. We show

zd(py Acpz) =71 = | zd(p1 Ve pa).
/ /

We have fa:d(ul Ac p2) = 7 since &, < p1 A pi2 < pi for 1 = 1,2 (where ¢,

denotes point mass at r); and we have [ zd(p; V. p2) = r since

[z Ve ) = lim bna() = Jm Bia OV hoalt) = 7

Thus g1 Ac g2 and py Ve pz are in &, and 1 Ag po <k pi <k p1 Ve pg for e =1,2
from Lemma 1.5(ii). The remainder of the proof is straightforward. For example,
if g € & and p < p; for ¢ = 1,2, then p <. p; for e = 1,2 and so p <, g1 A pa,
thus also p <g p1 Ac 2. [ |

For p.m.’s in &, there is a known connection between the orders <. and <j
and processes of submartingales and martingales. From Theorems 8 and 9 of

[15], one has the following.

LEMMA 1.7: Let yy and pp be p.m.’s in £.

(a) Each of the following is equivalent to p1 <. pa:
(i) (p1,p2) is a submartingale pair, that is, there is a probability space
(Q,F,P), and r.v.’s X, and X3 on Q with associated p.m.’s p, and p,
respectively, for which X; < E(X,|X,) a.e. [P];
(ii) there is a probability kernel K : R x B(R) — [0,1] withz < [ yK(z,dy)
for all z € R and [ K(z, A)p(dz) = pa(A) for all A € B(R).

(b) Each of the following is equivalent to p1 <i pa:
(i) (1, p2) is a martingale pair, i.e., there is a probability space (Q,F, P),
and r.v.’s Xy and X; on Q with associated p.m.’s y; and ps respectively,
for which X1 = E(X2|X1) a.e. [P];
(ii) there is a probability kernel K : Rx B(R) — [0,1] with [ yK(z,dy) = z
for all z € R and [ K(z, A)p:1(dz) = pa(A) for all A € B(R).

In this process context, Lemma 1.5 and Proposition 1.6 have the following

interpretations. Let u; and p; be in €. Then py A g9 is the unique p.m. on R
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satisfying (1) (g1 Ac p2, p1) and (p1 Ac g2, fi2) are both submartingale pairs; and
(1) if p is any element of &€ for which both (g, 1) and (g, g2) are submartingale
pairs, then (g, g1 Ac p2) is also a submartingale pair. Next, let g and pg bein &,
for fixed r € R. Then pq Ag g2 is the unique p.m. on R satisfying (i) (p1 Ak 2, p1)
and (g1 Ak p2, p2) are both martingale pairs; and (ii) if x is any element of £, for
which both (g, 1) and (g, p2) are martingale pairs, then (g, g1 Ax p2) is also a
martingale pair. Analogous interpretations can be given to Ve po and pg Vi po.

In this paper, we are mainly concerned with the <, and <. orders. There
are some useful relationships between these orders. It is immediate that for
p1,p2 € €4, if py <, po, then py <. p2. We develop a more precise connection
between the orders <, and <.. Forp.m. p € &, let H™! = H;l denote the
Hardy and Littlewood maximal function associated with y, defined on [0,1] by

1

H () = (1 — w)™ / F (u)du

w

(with H~1(1) = F,7*(1)), having associated distribution function H = H,, (with
left inverse H~!) and associated p.m. p*, the Hardy and Littlewood maximal
p.m. associated with . The following lemma is basic to our analysis; it equates

the <, order on p.m.’s and the <, order on their maximal p.m.’s.
LEMMA 1.8: For p.m.’s uy and p; in £, py <. p2 if and only if p} <, p3.

Proof: Let u; and uo be p.m.’s in &4 having distribution functions F} and F;
respectively. Define the crossover points associated with F; and F; as follows:

(e, w) is a crossover point if for ¢ # j € 1,2,
Fi(c—) £ Fj(c—) £ Fj(c) S Fi(c) and w = Fj(c),

or

FY(w) < Fj"l(w) < Fj"l(w+) < F7lY(w+) and c= Fj—l(w).
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We have
B <. p3 & Hl(w) < HNw) forallw € [0,1]

1
& /(F{l(u) — F{'(u))du > 0 for all crossover points (c,w)

& / (Fi(u) — Fx(z))dz > 0 {or all crossover points (c, w)

=] o0
& / (1 - FA(z))dz < / (1 = F3(z))dz for all crossover points (¢, w)

c

< l“l '<L‘ P’Z)

where we have used that for each crossover point (¢, w),

1 o0
J@E W= i = [(Fe) - ez

= area between F) and F, to the right of ¢

= area between F]! and F; ! to the right of w. i
The following is now immediate:

for y; and g2 in £ with the same mean,

(1.5) P1 <c P2 & 1 <k p2 € p] <, 4.

Under the common mean assumption, van der Vecht ([16): page 69) gave a result
(attributed to D. Gilat) equivalent to the second equivalence in (1.5).

2. Existence and Examples of Minimal Probability Measures

Let v be any p.m. on R, and recall from (1.1) that &, is the set of p.m.’s 1 on
R satisfying [, zdp < co. Let £4(v) be the subset of £4 given by

(2.1) Ex(W)={pe& v, p'}

Theorem A of the Introduction states, in part, that if £.(v) is nonempty, then it

contains its greatest lower bound in the <, order, which is called v5. Verification
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of Theorem A follows easily from Proposition 2.1 and Theorem 2.4. We call this
p.m. va the minimal probability measure associated with v. Examples of
minimal p.m.’s are given after Theorem 2.4.

The set of p.m.’s v which have a minimal p.m. va is the set of p.m.’s v for

which €4 (v) is nonempty; this set is denoted P*, that is,
o0

(2.2) P* ={v € P(R):v <, p* for some p.m. s with /xdp < o0}
0

We characterize the set P* in the following.
PROPOSITION 2.1: P* = {v € P(R) : limsup,_,, zv[z,00) = 0}.

Proof: We first prove the containment ‘C’. Let v € P*. We suppose v[z,00) > 0
for all z € R; otherwise the containment is immediate. Let p € £} such that
v <, p*. Now, H = H, = F,. is strictly increasing and continuous, and

1
zp*[z,00) = 2(1 — H(z)) = H Y (H(z))(1 - H(z)) = / F;l(t)dt.
H(z)

From the assumptions, it follows directly that

0 < limsup zv(z,o0) < limsup zu*[z,00) = limsup / F;l(t)dt =0
zToo zToo zToo H(z)
T

and the containment is proved.

Next, we prove the containment ‘D’. Let v be any p.m. on R satisfying
(2.3) lim sup zv|z, 00) = 0.

zToo

We suppose that v is a discrete p.m. on R having atoms (yn)n=0,1,... such that
0<y <...<Yn <Ynt1 <+ T oo and (ys) has no accumulation point. (If
v is any p.m. satisfying (2.3), then one can always construct a discrete p.m. ¥
such that limsup,;, 29[z, 00) = 0, the atoms of & have the desired properties,
and v <, 7; and then one may reduce the argument to working with #.) We
construct a p.m. g on R satisfying j:o ydu < oo and v <, p*.

Define the function A(z) = A(z;v) on (ya) by

A(z) = 31)11;(7.1/[2, o0) — zv(z,00))/(v[2,0) — v[z,00)).
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One uses the properties of v in a straightforward way to show that for each atom

z in (yn),

(1) —o0 < A(z) < z,

(i1) (2v[z,00) ~— zv[z,0))/(v[2,00) — v[z,00)) = z as z | z and as z T oo,

(i) A(2) = (y¥y» 00) — 2]z, 00))/(v]y, 00) — ¥z, 50)) for some y € (yn).

Thus, there is a subsequence (z,) of (y,) with 79 < +++ < z4, < Tp41 < -+
constructed recursively as follows: let zo = yo, and if z,,...,2;_1 have been

found, then define z; as the largest number y in (y,) for which
A(zj-1) = (yvly, ) — zj-1v[zj-1,90))/(v[y, ) — v[z;-1,00)).
Let ay,bn,cp, for n =0,1,..., be parameters defined by

(2.4) ayn =v[zp,00); bp = V[T, Tnt1) = Gn — a1} and

cn = A(Zn) = (Zn+18n+1 ~ Zn@n)/(@nt1 — @n);
and define p.m. p by p = B  bne.,. First observe that p € £, since
/yd# = Iolobncn = Z310(Tnan — Tnt18n41)
= g9 — lima,zy = 2o — ima,v|z,, 00) = z¢
n n

from (2.3) and (2.4).

Next, we show that v <, u* by verifying that v{z,00) < u*[z,00) for all z € R.
One obtains through direct calculation (e.g., with use of Fy,, F,” 1 and H . 1) that
forzj_; <z < zj,

p*lz, 00) = v[zj,00)(z; — ¢j-1)/(z — ¢j-1)

(2.5) = v[zj-1,00)(zj-1 - ¢j-1)/(z — ¢j-1)-

Thus, for z;_; <z < zj, v[z,00) < p*[z,00) is equivalent to

(26) V{z,00) < vloj-1,00)(24-1 — cj1)/ (& = cjoa).

But, by algebraic manipulation one obtains that (2.6) is equivalent to
-1 < (ov[z,00) = 2j-1v[z5-1,00))/(v], ) — ¥{zj-1,00))

and this is immediate from the definition of ¢j—; = A(zj-1). [
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Examples of probability measures in P* are the following:
(i) &+ C P* (e.g., since if v € €4, then v € £4(v)), for example, p.m.’s with
bounded support; Gaussian, exponential, and gamma p.m.’s, etc.

(i) Pg C P* (e.g., since if v = p* for some p € &, then u € £4(v)), where
o0

(2.7) Py := < v € P(R): v = u* for some p.m. y with /ydu <00},
0

the set of maximal p.m.’s.

Note that there are p.m.’s in £; \ P§ (e.g., any nondegenerate p.m. v concen-
trated on finitely many atoms); and that there are p.m.’s in P§\ €4 (in particular,
if f;° zdp < oo but [;7 z (In )4 dp = oo, then it may follow that [;° zdu* = oo;
see, e.g., [11]). Examples of probability measures not in P* are those in the do-
main of attraction (for maxima) of the second extremal type distribution function
®.(z) = exp{—z7°},z > 0, for 0 < a < 1, for example, the Pareto distribution
0 < @ £ 1 and the Cauchy distribution; use the representation for distribution
functions in this class given, e.g., in ([12]): Corollary 1.12).

We develop some lemmas that are used in the proof of Theorem 2.4. In the
following, we use N = {1,2,...} and use pp, = p to denote weak convergence of
p.m.’s {ps} to p.m. p (convergence in distribution of {F,, } to F,). We use the
following equivalence (see, e.g., page 5 of [12]) for p.m.’s {p,} and p:

pn = p if and only if lim F,'(t) = F,(t)
n
(2.8) for each continuity point ¢ of F, ! in (0,1).

LEMMA 2.2: Let v € P(R) and po € €4 with v <, puj. Then the set of p.m.’s
{p € P§ : v <, p <5 u3} is sequentially compact in the topology of weak

convergence.

Proof: Let {fin}nen be any sequence of p.m.’s in &, satisfying v <, ul <, pj
for all n € N. For each n = 0,1,2,..., associate with p.m. u, the distribution
function F,, and left-inverse function F,; !, and maximal p.m. u% together with its
distribution function H, and left-inverse function H;!. There is a subsequence
{i} of N with Fy(u) converging in ¢ to some value, say F(u), for all « in some
dense subset D of R. Then F : D — [0, 1] is nondecreasing and can uniquely be

extended as a right-continuous function to F': R — [0, 1].
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We show F is a distribution function. First, we show that limsje FI(2) = 1.
Suppose this is not true; then there is some t; € (0,1) at which F;"}(¢;) converges
to oo. Since pu}, <, pg for all n € N, we obtain the contradiction

00 = lifn(l —-#)7! /Fi"l(u)du <(1-t)7! /Fo"l(u)du = Hy'(t1) < oo.

ty

Next, we show that lim,|_o F() = 0. Suppose this is not true; then there
is some 8; € (0,1) at which F;"!(s;) converges to —oo. But then again using
BE <, py for all n € N, we obtain for each sq € (0,31),

1 81
/F,-"(u)du < /Fe—l(u)du +(1—81)Hg (s1),

20
and therefore

(2.9) liminf H}(s9) = —c0  for each so € (0,3;).

But we know v <, u? foralln € N; and so for all z € R, ¥(—00,z] > p¥(—o00,z] =
H;(z), and H!(v(—o00,z]) > z. But this, together with (2.9), forces ¥(—oo,z] >
sy for all z € R, a contradiction to v being a p.m. on R. Thus F is a distribution
function.

Associated with the distribution function F' are the p.m. g and left-inverse
function F~!. We have u; = u. We define

1
HY)y=(1-t)"" /F_l(u)du fort €(0,1)

and will show that
(2.10) H7'(t) > H'(t) asntoo, foreachte(0,1).

From this it easily follows that g € £;; the maximal p.m. u* has distribution
function H and left-inverse function H~Y;v <, p* <, pd; and uf = u* from
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(2.8). For the proof of (2.10), we first obtain that

ty ty
(2.11) (i) lim/Fi_l(u)du = /F'l(u)du forall0 <ty <t <1
1)
to to

1 1
(ii) im (limjnf / F,-'l(u)du) =0=lm (limsup / F,-'l(u)du) ;
6l % tl1 i
1 t
1
cery 12 -1 -
(i11) }11}1}/17' (u)du =0.
L1

To verify that (2.11)(i) holds, observe that {F;"!(u)} is uniformly bounded over
i and u in [te,?1], use that F; ' (u) — F~!(u) for each continuity point u of F~!
in (0,1), and apply the bounded convergence theorem. To verify that (2.11)(ii)
holds, use that v <, u) <, g for all n € N to obtainfor 0 <t <t <1,

1
(1 - HF @) < (1 -F;(#) < limint / FV(w)du

1 1
Slimsup/Fn-l(u)du < /Fo_l(u)du
n
t

and let ¢t T 1 (observe ft F;Y(u)du — 0 since [ zdpo(z) < 00). To see that
(2.11)(iii) holds, observe that if (2.11)(iii) fails, it must be the case that

1

lim [ F~'(u)du = +o0.
111
t

But then for any € > 0, for each ty close to 1, there is ¢; in (¢p,1) for which
€< /F Yu)du = hm/ “Hu)du < hmmf/ Fr(u)du,

where we have used (2.11)(i). But this contradicts (2.11)(ii). Now, use (2.11)(i)
to obtain for all ¢ < #; < 1

1 1
hmlnf/ du—/F'l(u)du = lim_inf/Fi—l(u)du—/F“l(u)du.
ty t
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Using this and (2.11)(i1), (ii1) and letting ¢; T 1, we obtain
1 1
lim_inf/Fi_l(u)du—/F_l(u)du
' to ty
1

1
= lirTr} lim'inf/F,._l(u)du —/F"l(u)du
t) H

t) 131

=0.

By an entirely analogous argument, one uses (2.11) to show
1 1
lim sup/ Fl(u)du = /F“l(u)du.
"k t
The convergence in (2.10) now follows. 1

LEMMA 2.3: Let {n}nen be any sequence of p.m.’s in & satisfying v <, pb <,
pg for all n € N, for some v € P(R) and pg € €. Then
(a) if {uy} is decreasing in the <, order, then there is a unique p.m. p € &;
with py = p* and p* = A {p;, : n € N}; and
(b) if {ux} is increasing in the <, order, then there is a unique p.m. u € &£
with py, = p* and p* = V,{u; :n € N}.

Proof: We prove part (a); the proof of part (b) is analogous. Let {pin}nen be
p.m.’s satisfying the hypotheses under part (a), with associated maximal p.m.’s
{#3} having left-inverse functions { H;'}. Then {H '} are pointwise decreasing
in n. From Lemma 2.2, there is a p.m. p € &; with associated maximal p.m.
p* having left-inverse function H~! for which uf, = p* and H;'(t) | H~(t) for
each t € (0,1) as n — oo. Since H™! < H!, we have pu* <, u¥, forall n € N.
Also, if p € P(R) with p <, p;, for all n € N, then F;! < H;! for all n € N,
and one concludes from the convergence that F;! < H~! and p <, u*. Thus
p* = A {uk :n e R} |

Under either the assumptions of part (a) or of part (b) of Lemma 2.2, it follows
easily (using ideas in the proof of Lemma 2.2 for (2.12) (ii)) that the p.m. u in

the conclusion satisfies
(212) (i) v <sp* <545, and
(i1) if p.m. A satisfies up <, A forall n € R, then u <, A
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THEOREM 2.4: Let v be any p.m. on R satisfying v <, ug for some p.m. ug with
J5" zdpo < 0o. Then there is a unique p.m. va on R satisfying (i) f;~ zdva(z) <
00;(ii) ¥ <s (va)*; and (iii) if i is any p.m. on R with [[° zdji(z) < co and
v <, i*, then (va)* <, 2*.

Proof: Let D denote a countable dense subset of R. From the usual diagonal-
ization procedure, there is a sequence {u, : n =1,2,...} in £;(v) satisfying, for
all z € D,

(2.13) sup pn(—00,z] = sup p*(—oo,z].

n€N PEEL (V)

Furthermore, from the lattice structure of (€4, <.), we may assume that {u,}
is decreasing in the <. order and p; <. po, so that {u}} is decreasing in the
<, order and u} <, p§. The hypotheses of Lemma 2.3(a) are satisfied for this
sequence {un}, and we obtain unique p.m. p € &4 with p* = A {u} : n € N}.
Define va := p and observe that conclusions (i) and (i1) are immediate from
Lemma 2.3 and (2.12). To verify conclusion (iii}, let Z be any p.m. on R with
Jo” zdii < 00 and v <, fi*. Use that va = p € €4(v) (by conclusions (i) and
(ii)) and (2.13) to obtain that (va)*(—o0,z] > F*(—o0,z] for all z € D and thus

(va)* <s g*. Uniqueness of the p.m. v4 in the conclusion is clear. |

The proof of Theorem A is immediate from Theorem 2.4. As a consequence of
Theorem A and the equivalences of Section 1 we have that for each p.m. v € P*,

the minimal p.m. v, is in £4(v) and satisfies

(2.14) i) / ¢dva = min / ddu

HEEL(V)
for every nondecreasing convex function for which the integrals exist, and
o0 oo
(ii) /VA[x,oo)dx = min //,L[:c,oo)dz forallt € R
J HEEL(Y) J

and the associated maximal p.m. (va)* and its left-inverse function H;' satisfy
(2.15) (i) (va)(—oo,z] = max p*(—oco,z] forall z€R, and
pEEL(v)

. —1 s -1
(@) Hy (t)= uelé%f(u) H'(t) forall tel0,1]

We now identify minimal p.m.’s v in the special cases of maximal p.m.’s v
(Lemma 2.5) and simple discrete p.m.’s v (Proposition 2.8), and give specific

examples.
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LEMMA 2.5: (a) If p € &, then (p*)a = p.
(b) If v € P}, then the left-inverse function F;! for p.m. va is given through

the equation

(2.16) Fl(w)=F;Y(w)-(1- w)%Fjl(w).

Proof: For part (a), use the defining properties of (4*)a as given in Theorem
2.4 to obtain p* <, ((#*)a)* and ((¢*)a)* <, p*; and then use Lemma 1.8. Part
(a) gives that if v = p* for p € &4, then va = y; thus v and va are related by

1

FY(w)=(1-w)™! /F;Al(u)du

w

and (2.16) follows by differentiation. If necessary, one takes a left-continuous

modification of the expression identified in (2.16). |

Part (b) of Lemma 2.5 states that, for any maximal p.m. v, the left-inverse

function F,! for p.m. va is a solution G of

Fw) = -w) [ 6,

and is unique a.e. among nondecreasing, left-continuous solutions G. For the
purpose of constructing examples, the following characterization of the set Py of

maximal p.m.’s is useful.

LEMMA 2.6: For any p.m. v on R,v € Py if and only if the following holds:

(2.17) (1) limsup(l — w)F,'(w) =0, and
wTll
(i) (1 - w)F;'(w) is a concave function.

Proof: If v € P§, so that v = p* for some p € €4, then (2.17)(i) is immediate
and (2.17)(ii) follows from an argument similar to that in ([13]: pages 230-231),

since
1

(1-w)F,  (w) = /F;l(t)dt.

w

On the other hand, if v satisfies (2.17)(1) and (ii), let

a(w) = —(1 —w)F, Y (w) forw € [0,1].
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Since a(w) is a convex function, its left derivative a™(w) is a finite, nonde-
creasing, left-continuous function on (0,1); extend a™(w) to [0,1] by setting
a=(0) = a (0+) and a~(1) = a~(1-). Consider a~(w) as a random variable on
([0,1], B, m), and associate with ¢~ (w) its p.m. g and df. F,. Then F;! =a~
andforl<w<z<1,

/F;l(t)dt = /a—(t)dt =a(z) —a(w+) = —(1— z)F,,_l(z) +(1- w)F,,—l(w-{-).
Now, let z T 1 and use (2.17)(i) to obtain
1
Fo(w+) = (1— w)! / Fo\(t)d,

and thus v = g*, with p € &;. |

Examples 2.7: For each of the following p.m.’s v, conditions (2.17)(i) and (ii)
hold, and so v € Py and va can be identified from (2.16).
(i) If v is Exponential distributed with parameter one, then v4 has d.f.

F(z)=1-¢'e™ ifz>-1, and =0 otherwise.

(i) If v is Pareto distributed with parameter a > 1, so that F,(z) =1 —-z~°
if z > 1, and = 0 otherwise, then v hasd.f. F,,(z) =1—(1 —a~!)*z~®
ifz>1~a"!, and = 0 otherwise.

(iii) f vy has d.f. F(z)=1-(1—-2)*if0<z <1, for « > 0, then va has d.f.
F.z)=1-(1+a )1 -2z)*if a1 <z <. |

In each of these examples, (va)* = v. It is true that if v € P*, then v <, (va)*;
but in general v # (va)*. Some examples in which v € P* and v # (va)* are
given in Example 2.9, and are a consequence of the following proposition. Let v

be any p.m. on R. Define the set
Supp+(v) := {z : v[y,00) < v[z,00) for all y > z},
and define the function A(z;v) for € Supp4(v) by
(218)  A(s) = A(w;¥) = inf (3ly,00) ~ e, 00))/ {41y, o0) — (z,09))

For a particular p.m. v, this function A(-; ) was used in the proof of Proposition
2.1.
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PROPOSITION 2.8: Let v be any discrete p.m. on R having finitely many atoms
Yo <Y1 < ...<yn. Then arv. X which has minimal p.m. va is given by

A(zo) with probability v(—oo, z1),
(2.19) X =< A(zj-1) with probability v[zj_1,z;), forj=2,...,k,
A(zi) =yn with probability v[z,00) = v{y.},

where numbers zo < 7 < --- < zj are chosen from (¥;)i=o,...n by the following:
(2.20) Let 2o = yo.

Having chosen zq,- -+ ,zj, the next number z4,

is the maximal number y; > z; for which

A(zj) = (yiV[yia oo) - :le/[.’L‘j, °°))/(V[yi7 OO) - V[:L‘j, 00))

The procedure stops at zj = yp.
(If v = €y, then vp = ¢, also.)

Proof: The degenerate case v = ¢, immediately gives vo = €,, so we suppose
that n > 1. Let A denote the p.m. associated with r.v. X of (2.19). To obtain

that A is the minimal p.m. va, we show

(2.21) (i)v <, A%, and
(ii) if 4 is any p.m. on R with /00 zdpy < oo andv <, u*,
then A* <, u*, 0

and then use Theorem 2.4. For this purpose, we denote ¢; := A(zj-1) for j =
1,...,k+1, and note that from direct calculation (working through Fy, F;'!, and
H'), one obtains that maximal p.m. A* is given by

(2.22)
1 ifz < Ty = Yo,
Mz, 00) = vlzj,00)(z; —¢j)/(z —¢;) ifzjo1 <z<azj forj=1,...,k
’ - V[Ik, 00) = V{yn} fz= Yn = Tk, and
0 ifyn <z

We show that v <, A*. First, observe from (2.22) that v[z,00) = A*[z, 00) for
z < yo and for y, < z. Now, for z;_; < z < z;, observe that (from (2.18))

¢j = Mzj-1) = (z;v[zj,00) — zj1¥[zj-1, 00))/(V[2}, 0) — ¥[2j-1, 00))

(2.23) £ (zv[z,0) — zj-1v[zj-1,00))/(V[z,00) — V[T j-1,00)).
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Then use (2.22) and (2.23) to see that v[z,00) < A*[z, 0) is equivalent to
vle,00) < vzj-1,00)(zj-1 ~ ¢5)/(z —¢;)

and to establish this last inequality.

Next, we show that (2.21)(ii) holds. Let p be any p.m. on R with ;° zdp < 0
and v <, pu*. We show that A* <, p*. First, observe that \*[z,00) < p*[z,00) =
1 for z < [ydu (where yo < [ydp since v <, p*), and A*[z,00) = v[z,00) <
p*[z,00) for y, < 2. One shows that \*[z,00) < u*{z,00) for yo < = < yn by

proceeding from z = [ydu to & =y, as follows. For [ydu < z < x4,

zA*[z,00) — z¢ T \*[zy,00) — 20 z1V[E1,00) — T
—_—_— = = =
A[z,00) -1

(2.24)

Atz1,00) =1  v[z;,00)—1

£1t'[r1,00) — 30 22, 00) - 20
p*zy,00) =1 T p*lz,00) -1

b

where the equalities follow from (2.22) and direct calculation; the first inequality
follows from v <, p* and the function (z1p — zo)/(p ~ 1) being decreasing in p
on [0,1]; and the second inequality follows from the function

(z1*[z,00) — 20)/ (4" [z, 00) - 1)

being increasing in z (for example, use a change of variable u = H,(z) and

ug = H,(zq), the representation

(2p° [, 00) — 20)/ ("7, 00) — 1) = (1 — o)™ / F\(#)dt

and calculus). It is immediate from (2.24) that A*[z,00) < p*[z,00) for zo <
r < x.

Now suppose we know that A*[z,00) < p*(z,00) for ¢ < zj_;; we show that
M[z,00) € p*[z,00) for zj_; < z < z; in two cases. Let p = v(—o0,z;_1), and
observe that zj—; < H.'(p) (from v <, p*). First, if (fydp)Vzjoy <z <
H;'(p), then

X*[z,00) € N*[25-1,00) = [zj1,00) = 1 = p = p*[H;(p), 00) < w*[z,00).
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Second, suppose that ([ ydu) vV H;'(p) < z < z;; we have that

zM[z,00)1 —p) ) — i1 _ _ zi(v[z5,00)(1 ~p)7T) — 25
(A*[z,00)(1~p) 1) -1 ! (v]zj,00)(1 ~p)~t) - 1
5 ZiWfej,00)(L = p) ) — zj1
T (#rfze0)(1-p) ) -1
s 2wz, 00)(1 —p)" ) — 2
(p*lz,00)(1=p)~1) ~1 °

where the reasoning is analogous to that used in verifying (2.24) with the excep-

(2.25)

tion of the last inequality. The last inequality of (2.25) uses that the function

g(z) = (2(*[z,00)(1 = p) ") = z;-1)/ (W[, 00)(1 — p) ) — 1)

1
=(p—u)"! (/ Frl(t)dt — zjq(1 - p))

u

is decreasing in z (here u = Hy(z)). This follows by observing that dg/du > 0 if
and only if

(2.26) s(u) = / Fr(#)dt + Fr (w)(u - p) 2 7j1(1 - )

u

for p < u < 1. But s(u) is increasing for p < u £ 1, and so

s(u) 2 s(p) = (1 - p)H,; (p) 2 zj-1(1 - p),

and (2.26) is verified. From (2.25), it easily follows that A*[z, 00) < p*[z, 00) for
H;(p) < z < z;. This completes the proof. |

Examples 2.9: The following examples show that for discrete p.m.’s v with
finitely many atoms, (a) the number of atoms of the associated minimal p.m.’s
va varies; and (b) in general, v # (va)*.

(i) For p.m. v = (1/3)eo +(1/3)e1 + (1/3)ez, we have va = (1/3)e—2 +(1/3)eo +
(1/3)ez; and (va)*[z,00) =1if 2 < 0,=2(z +2)71if 0 < z < 1,= 2(3z) if
1<z<2,=1/83ifz=2,and=0if2< z.

(i) For p.m. v = (1/3)eo+(1/9)e1 +(5/9)e2, we have va = (4/9)e_s/2 +(5/9)ez;
and (va)*[z,00) =1if 2 < 0,=5(22 +5) 1 if0 <z < 2,=5/9if z = 2, and
=0if2<x. ]
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Remark 2.10: We have given a characterization of the set Pj of maximal p.m.’s
in Lemma 2.6 and of the set P* of p.m.’s dominated above by maximal p.m.’s
(in <, order) in Proposition 2.1. The analogous set of minimal p.m.’s and set of

p-m.’s dominated below by minimal p.m.’s (in <. order) are equal to £;; that is,

(2.27) Ey ={p € &4 thereis ap.m. v € P* with vp <, p}
= {u € & : thereis ap.m. v € P* with va = pu}.

This follows immediately from Lemma 2.5(a). |

3. Minimal p.m.’s, Maximal p.m.’s, and a Lattice Isomorphism

In this section, mappings * and A are introduced to clarify the connection be-
tween minimal p.m.’s and maximal p.m.’s. Recall that £; is the set of minimal
p-m.’s (see Remark 2.10), and that Pg is the set of maximal p.m.’s (see (2.2)).
Define the mappings * : £; — Pg and A : P* — €4 by *(p) = pu* and A(v) = va.
We show in Theorem 3.1 that * is a lattice isomorphism between (£, <) and
(Pg,<s), where £; has lattice operations V. and A, of (1.4) and appropriate
lattice operations on P; are defined immediately before Theorem 3.1.

First, observe that mapping * is a bijection between £, and Py, with inverse
mapping given by the restriction of A to Pg. Indeed, use Lemma 1.8 and (2.7) to
see that * is one-to-one and maps £ onto Pg; and use Lemma 2.5(a) to obtain
that the inverse of * is the mapping A restricted to Pg. In particular, for each
maximal p.m. », there is only one y € £ for which *(i) = v. However, for each
minimal p.m. p € &, there are many p.m.’s v € P* for which A(v) = g. For
example, let pp = (1 — p)eg + pes, where a < band 0 < p < 1 and denote

Zg =/zdp=(1—p)a+pb.
We claim that

{v € P(R) wa =} =
{v € P(R) :zp = inf{z : v(—~o0,2] > 0},¢[b,00) = v{b} =p
and v[z,00) < p(b — a)/(z — a)for 2o < z < b}.

To see that this holds, observe that for the given p,p*[z,00) = 1if z < zo,=
plb—a)/(z —a)if zg <z < b, and = 0if b < z; and use the defining properties
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of va (see, e.g., Theorem 2.4). Thus, a restriction of A to Py was necessary for
description of the inverse of *.

A lattice structure on Py is identified through the following operations. The
operations A, and V, are defined for pairs of p.m.’s o1 and ¢, in P§ by

ay /\. 0 (= ((0’1 /\J JQ)A)‘ and g1 V‘ gy = ((61 V, UQ)A)‘.

Here are some easily verified observations related to this definition: (i) o1 A,02 <,
01 Av 02 and 01 V, 02 <, 01 V4 02; (1) 01 A, 02 and 0, V, 02 are in Pg; and (iii)
if 0y = p7 and o9 = pj for g and gz in &4, then

o1 Aw oz = py Av g = (1 Acpiz)® and oy Ve oz = p] Ve py = (1 Ve p2)*.
It is easy to see that (Pg, <) is a lattice under the operations A, and V,.

THEOREM 3.1: The map * : (E4,~<c,Ac,Ve) = (P, <ay A, V*) is a lattice iso-
morphism. The inverse of * is the map restricted to Py .

Proof: It remains only to prove the lattice preserving property, that is,

(M1 Acp2)”" =pi Aspy and  (pa Ve pa)™ = py Va 3.
But this is a straightforward consequence of Lemma 1.8 and the definitions of

the * and A operations. 1

As a consequence of Theorem 3.1, we have the following characterization of
operations V. and A, in terms of minimal p.m.’s and maximal p.m.’s: for y; and
#2 in &,

(3.1) p1 Acpz = O(u] As p3) and  pg Ve pg = A(u] V, p13).

The following example shows that P§ is not a lattice under the operations V,
and A, of Section 1.

Example 3.2: We exhibit p.m.’s yy and 3 in €4 (so p} and uj are in P§) for
which

WiVews €75 and wiVe sl o (45 Vo i3)a) = 5 Ve .
Let w be a uniform distributed r.v. on [0,1], and define

2 ifwe(},1]

D p-1
=F =
= F(w) {-4 ifwe 0,1



Vol. 77, 1992 STOCHASTIC AND CONVEX ORDERS 153

and (2
_ 4  ifwe(51],
=F2 l(’w)={ . 32]
-2 fwel0,z
Then
H (0 )_{ ifwe(%,l]
4w/(1-w) fwel(0,3}]
and \
«D o1 4 ifwe (3,1]
= H. =
# = Hy (w) {2w/(1—w) if w e [0,2
and
4 ifwe(%,1]
_ 2w/(1-w) ifwe(l,?
V.; 2 (H; IVH 1 _ 213

4w/(1-w) ifwe (0,3}

Next, denote p.m. p on R by

4 ifwe(3,1]

pZM={2 fwe (3,2
0 ifwelo,1]
Then
4 fwe(}]
pa 2 F Tw)=(0 ifwe(},2
-4 ifwel0,3]
and
4 ifwe(3,1]

(pa)* 2 H Y (w) = { (4/3)/(1 - w) Hwe(},2
dw/(1-w) fweldd]

It follows that
(3.2) p Se M1 Vs iy Fo (o) = ((4] Vs H2)a)" = p] Ve p3.

In particular, (3.2) indicates that u} Vs u3 ¢ Pg. (From Lemma 1.8, we have also
that pa = (4] Vs #3)a")
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4. Some Properties of Minimal Probability Measures

In this section, we prove several important properties relating probability mea-
sures and their minimal probability measures. These properties will be used in

Section 5.
PROPOSITION 4.1: For each v € P*, the minimal p.m. va satisfies va <, v.

Proof: Denote the distribution functions of va and v by Fa and F respectively.
Suppose there is ug € (0,1) with F~(up) < F5'(up). We obtain a contradiction
to the minimality of va (i.e., va = g.l.b.4,E4(v)). Define

uy := inf{u > uo : Fy'(u) < F7'(u)}
if this set # 0, and = 1 otherwise. By the left continuity of the left-inverses, we

may assume i < up; we have F~1(u) < F7'(u) for u € (ug,uz). Next define

u2

uy = sup {t <up: / Fol (u)du < ]2F'1(u)du}

t

if this set = @, and = 1 otherwise. Then u; < u¢ < us;

U2

uz
/F'l(u)du < /Fgl(u)du for t € (u1,uz);
t 1

and if u; > 0, then

Uz u2

/Fgl(u)du = /F‘l(u)du and Fy'(ui+) < F Y ui+)

uy uy

(use for all € > 0 sufficiently small,

/ (Fi'(uw) = F~'(u))du >0 and / (Ft(u) = F7'(u))du < 0).

Uy Uy —¢
Define ! on [0,1] by

Fil(u) f0<Su<uy
Fluy={ Fl(u) ifu;<u<uy
Fil'(u) ifup<u<l
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(f ug = 1, define ~'(u) = F~'(u) for v; < u < 1; and if u; = 0, define
F~(u) = FY(u) for 0 < u < uy). Let ¥ be the associated p.m. and F' be its

distribution function; then F~1 is the associated left inverse of F. We claim that
(4.1) pe&i(v), ?<cva, and 7#wa.

This will give the desired contradiction to the minimality of va. To see that
? € £4(v), first observe that 7 € £, since va € &4, and that v <, (7)* will follow
if we show F~! < H~1. But this is immediate from F~1 < H;' (v <, (va)*)

and

HD'() H0<t<u,
~ u2
AYt)={ Q- F (u)du+(1 - up)H3 (u2)} ifu; <t <ug,
t
H'\(t) fup <t <1

Next, # <. va follows from Lemma 1.8 once it is shown that A1 < Hzl. But
this is immediate for ¢t < u; and for ¢ > u3, and for u; <t < u, it follows from

Ay =(1-1)" { / F (u)du +(1 - Ug)HZI(ug)}

t
u2

<@-1)7"* { /FZI(“)du +(1- uz)HZI(uz)} = HA'\(t).
1
Finally # # va, since for u € (ug,ua), F-1 (u) = F1(u) < Fgl(u). This gives
that (4.1) holds. 1

The following lemma is useful for establishing properties satisfied by minimal
p-m.’s, as in the proof of Theorem 4.5. Recall from Section 2 that ‘=’ denotes

weak convergence.

LEMMA 4.2: (a) Let v € P* and let {v,}nen be a sequence of p.m.’s on R which
increases to v in the <, order. Then the sequence {((va)a)*} is increasing in
the <, order; ((vn)a)* = (va)*;(va)* = Vo{((vn)a)* : n € N}; and vao =
Ve{(vn)a : n € N}.

(b) Let v; € P* and {vn}nen be a sequence of p.m.’s on R which decreases to p.m.
v in the <, order. Then the sequence {((vn)a)*} is decreasing in the <, order;

((va)a)* = (va)*;(va)* = As{((va)a)* : n € N}; and va = Ac{(va)a : n € N}.
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Proof: We prove part (a); the proof of part (b) is analogous. Let uo € &4
satisfying v <, pj. We are given

(4.2)

Vp <s Vn41 <sv foralln €N, and li'I'n vn[z,00) = v[z,00) forallz € R.

From Theorem 2.4, one obtains the sequence {(vp)a} of p.m.’s in £ and uses
their properties to show that ((v1)a)* <, (va)a)* <s u¢ for all n € N and that
the sequence {((vn)a)*} is increasing in the <, order. Then apply Lemma 2.3(b)
to obtain a unique p.m. p € &; satisfying ((vn)a)* = p* and pu* = V,{((vn)a)*:
n € N}. Now apply Theorem 2.4 once again to obtain the p.m. v in &;. Since
Un <s ¥ <, (va)*, it follows that ((vn)a)* <s (va)*, for all n € N; and hence
p* <, (va)*. Also, vy <5 ((vn)a)* <s p* for all n € N, and v <, pu* follows from
(4.2); and hence (va)* <s p*. Thus g = va. The remainder of the conclusion
follows from Lemma 1.8. |

In general, additional care is needed in combining convergence of p.m.’s {u}}
in <,-order with convergence of means { [ zdpn}n>1. For this purpose, first recall
from ([3]: page 92 and [4]: page 89) that {is}nen is uniformly integrable from
below if

We state convergence results for means in the following lemma and then apply
them in Theorem 4.5.

LEMMA 4.3: Let {¢tn}nen be any sequence of p.m.’s in €, satisfying v <, u% <,
pg for all n € N, for some v € P(R) and o € €;. Then

(a) if {uy} is decreasing in the <, order and p is the p.m. of Lemma 2.3(a),
then [zdu, | [zdy asn — oo, in [—o0, 00); and

(b) if {u3} is increasing in the <, order and y is the p.m. of Lemma 2.3(b),
then lim, 1 [zdp, < [zdp. I, in addition, {u1,} is uniformly integrable
from below, then [zdu, 1 [ zdp asn — oo.

Proof: Under the assumptions of part (a), first observe that {[zdu,} is a
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nonincreasing sequence in [—00, o), since
1 1
— -1 — 1 -1 —1 _ -1
(4.3) / 2dpy = / Frl(w)du = li / Fyiu)du = (1~ DB ()
0 t

1
> lim(1 - DH;L,(¢) = / Fyl (w)du = / edimsn.
0

We may interchange limits as follows to obtain
1
. s -1 o o e -1
h’x‘n / zdy, = ll'r'n / Fy (u)du= 11'1311311'9 H, (1)
0
1
= ltifgli,ﬁnH;nl(t) = ltiﬁ)lHl‘_l(t) = /F;l(u)du = /zd/t.
0

Under the assumptions of part (b), one has that { [ zdu,} is a nondecreasing
sequence in [—oco,00) (argue analgous to (4.3)). Also, for every t € (0,1), we
have

1
/zdy,, = ‘/F“_"l(u)du =H1(0)<H}(t) < H\(t),

and thus
1
(4.4) lim / zdpn < ltig;H;l(t) =H;'(0)= / F7Y(u)du = / zdp.
0

If, in addition, {u,} is uniformly integrable from below, and {g,,} is a subse-
quence of {u,} for which pn; = p (as in the proof of Lemma 2.2), then Fatou’s
Lemma can be applied (e.g., in the form given in [3]: page 94) to give

(4.5)

1 1 1
/ zdy = / FY(u)du = / linr‘nF,;l(u)du < lim:'inf / F'(u)du = lim / zdp
0 0 0

and equality follows from (4.4) and (4.5). |
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The following example illustrates that one must add some additional hypothesis
to those of part (b) of Lemma 4.3, such as uniform integrability of {s,} from

below, in order to obtain convergence of { [ zdun} to [zdp.

Example 4.4: Forn € N, let p, =n~te_n + (1 —n~1)eo; and let oy = €9 and
v = e_1. Then for n € N, u, and p, have respective left-inverse functions F,!
and H;! given by F;'(u) = —nif0<u<nl,and =0if n™! < u < 1; and
HY(t) = (-n)(n 1 -¢)/(1-¢8)if0<t<nland =0if n~! <t < 1. The
assumptions under part (b) of Lemma 4.3 are satisfled, and g = 9. However,
lim, [zdp, = -1 < 0= [zdp.

THEOREM 4.5: For each v € P*,

(4.6) min /xdu = /xduA = inf{z : v(—o0, 2] > 0},
HEEL(v)

and this number is in [—o0, ).

Proof: Let v € P*, so that there is a p.m. pg € &4 with v <, . The first
equality in (4.6) is clear, e.g., from (2.14)(i). We divide the proof of the second
equality into three steps.

STEP 1: Assume v is a discrete p.m. having finitely many atoms zo < --- <
z,. Use Proposition 2.8, and, in particular, (2.19) and (2.23), to obtain that
[ zdva = z¢ from direct computation.

STEP 2: Let z = inf{z : v(—o0,z] > 0} and assume z, is finite with v{zo} > 0.
Let D be some dense subset of [2¢,00) containing the atoms of ». Choose a
scheme ¢, € D,t = 0,...,n,n € N, of real numbers with 2,0 = 2o < Zn;1 <
... < Zp,n and D, := {2, : 4 =0,...,n} increasing under containment to D as
n — o0o. Define discrete p.m.’s vn,n € N, by vp[z,00) = 1if £ < zpno = zo,=
V[Tn,i,00)if 24i—y <z L py,fori=1,...,n,and =0if 2, » < 2. Thev,’s are
well-defined and satisfy by construction that {v,} increases to v in the <, order.
Thus v, € P* for each n € N. From Lemma 4.2, we have {((vn)a)*} increases
in the <, order and (va)* = V4{((¥x)a)* : n € N}. Also, [zd(vs)a = zo for
all n € N from Step 1; and {(v5)a} is uniformly integrable from below. In fact,
Proposition 2.8 gives that the support of (v»)a is contained in [a,o0) for all
n € N where

—oo <a= uf (wlyyo0) — 20)/ (vl 00) = 1)
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< inf (yaly, 00) = 20)/ (valy, 00) - 1).

From Lemma 4.3(b), it follows that lim, [ zd(vn)a = [ zdva, and so [zdvp =

Zy.

STEP 3: Forany v € P*, let 2o := inf{z : v(—00,2] > 0} and assume v{zo} = 0.
In this case, zp might be —oo. Let {6, }nen be a sequence of numbers decreasing

to zg, and define p.m.’s v*,n € N, by
v*(:) = v(- 0 [6n, 0)) + v(—00, 8, )¢5, (-)-

Then v® € P* and {v"} decreases to v in the <, order. From Lemma 4.2, we
have {((v™)a)*} decreases in the <, order and

(va)' = A{((»")a)" : n e N}

Also, [ zd(v™)a = 6, for each n € N from Step 2. From Lemma 4.3(a), it follows
that lim, [ zd(v*)a = [zdva, and so [zdva = z¢ = inf{z : v(—00,z] > 0}.
1

5. Martingale Representations and Inequalities

In this section, we give several characterizations of collections of martingales
and martingale inequalities which use minimal p.m.’s. In particular, sharp,
expectation-based martingale inequalities are given in Theorem 5.3. In Remark
5.4 the inequalities in Theorem 5.3 are given a natural interpretation as a new
class of ‘prophet inequalities’ in optimal stopping theory.

In this section we use the following definition of an (integrable) martingale.
X = (X¢)o<t<1 is a martingale if there is some probability space (2, 7, P) and
a filtration {F;}o<i<1 on (,F, P) under which (i) (X¢)o<e<1 is {F:}-adapted;
(il) E|X¢| < oo for every 0 < t < 1; (iii) E(X¢|Fs) = X, a.e. [P] for every
0 < s <t £1; and (iv) the paths ¢t — X, are right continuous and have left-hand
limits in R for 0 < ¢ <1 (RCCL).

We recall the following results for martingales X = (X;)o<:<1 which relate
the terminal r.v. X; and the supremum r.v. M = M(X) = supg<<; X¢ ([8]:
Theorems 2.1 and 3.1).

Let p be any p.m. on R with [ zdu(z) finite. Then

{v € P(R) : there is a martingale (X )o<¢<1 satisfying M 2 andX, 2 ¢}
(5.1) ={vePR): p<sv =, pu'}
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Let 4 be any p.m. on R with [zdu(z) = zo € R. Then

(6.2) {v €P(R): there is a martingale (X;)o<:<1 satisfying

Xo=zo, M 2, and X, 2 p}={v € P([z0,00)) : p <, v <, p*}.
We establish ‘converses’ of these results with use of maximal p.m.’s and minimal
p-m.’s.

THEOREM 5.1: Let v be any p.m. in P*. Then

{pu € P(R) : there is a martingale (X;)o<e<) satisfying M 2 andXx; 2 u}
(5.3) ={pef:p<,v=<,pu"t={p€:va<.p=, v}

If, also, xy := inf{z : v(~o0, z] > 0} is finite, then

(5.4) {s € P(R): there is a martingale (X;)o<t<1 satisfying
Xo=z0,M 2 vand X, 2 i}

= {pé’P(R):;A-(,V<,p’ and;/a:d,u:zo}
={pef:vy <k p~sv}
Proof: We prove (5.4); the proof of (5.3) is analogous. Let v € P* with finite
zo = inf{z : ¥(—00,2] > 0}. First, assume that s isa p.m. on R with [ zdp = z,,
and there is a martingale X = (X,)o<:<1 satisfying Xo = 2o, M(X) z v, and
X 2 p. It follows from (5.2) that

(5.5) p#<sv =<, u* and /xdp = zg.

From Theorems 2.4 and 4.5, we have that (va)* <, u* and [ zdva = 2o = [zdp.
It follows from (1.5) and (5.5) that

(5.6) VA <k ft <g V and /:z:dp =xy.

Thus, we have established containment in one direction for (5.4).

Now, if p is a p.m. on R satisfying (5.6), then, from (1.5) and Theorems
2.4 and 4.5, we have v <, (va)* <, p*, and thus p satisfies (5.5). But since
p is a p.m. on R satisfying (5.5), one then has, from (5.2), that there is a
martingale X = (X:)o<i<1 satisfying Xo = zo, M(X) 2, and X z u. This
proves containment in the other direction for (5.4). |
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Observe that va might not be in the set of p.m.’s in (5.3). Indeed, if v € P*
with z¢ := inf{z : ¥(—o0,2] > 0}, and ¢ = —o0, then [zdvy = —oo (from
Theorem 4.5), so va ¢ £ and va is not in the set in (5.3). On the other hand, z,
is assumed to be finite in the second conclusion of Theorem 5.1, and v4 is in the
set of p.m.’s in (5.4). This leads to the following sharp results for (integrable)
martingales in the setting of (5.4).

Using properties and characterizations of the Hardy and Littlewood maximal
p.m., Dubins and Gilat [6] have shown that for any p.m. u on R with [ zdu = =z,,
the maximal p.m. p* satisfies u* € M(p;20) and p* = Lub. M(u;ze) in the

<, order, where
M(p;20) := {v € P(R) : there is a martingale (X;)o<i<1
with Xo = 20, M 2 v, and X; 2 p).

We have an analogous characterization result for minimal p.m.’s as a consequence

of Theorem 5.1.

COROLLARY 5.2: Let v € P* with finite zg = inf{z : v(—o00,2] > 0}, and let
va be the minimal p.m. associated with v. Then vy € N(v;zo) and vp =
gl.b. N(v;z0) in the < order, where

N(v;zo) := {§ € P(R) :there is a martingale (X;)o<t<1
with Xo = 2o, M 2 v, and X, 2 i}
Proof: We have that va € N(v;zo) from Theorems 2.4 and 4.5, Proposition 4.1
and (5.4). To see that vy = g.l.b. M(v;z,) in the <x order, first observe that
va =g p for every p € N(v;z0) from (5.4); and if p is any p.m. in £ satisfying
p =i p for every u € N(v;zo), then p <g va, since va € N(v;zo). 1

The following martingale inequality form of Corollary 5.2 is a consequence of
the definition of the < order.

THEOREM 5.3' Let v € P* with finite zo = inf{z : v(—o0,2]) > 0}, and let va
be the minimal p.m. associated with v. Then for every martingale (X¢)o<i<1

satisfying Xo = zo,5upg<s<1 Xt 2 v, and with terminal r.v. X, it follows that

(5.7) /¢dVA < E(¢(X1)) for each convex function ¢ on R,

provided both integrals exist. Within this collection of martingales, there is one
with X1 2 va, and thus the inequalities in (5.7) are attained simultaneously.
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Remark 5.4: The result in Theorem 5.3 has the following ‘gambler vs. prophet’
interpretation. Consider the collection of martingale games X = (X¢)o<e<1 start-
ing at Xp = zo. Among these games, consider the subcollection of martingale
games for which M = M(X) = supy¢<; Xt has distribution v in P*. For
each martingale game (X;)o<:<1 Within this subcollection, and any nondecreas-
ing convex utility function ¢, players of this game attempt to maximize their re-
ward E(é#(X,)) through a well chosen stopping time 7. A ‘prophet’ playing this
game, with anticipatory stop rules allowed, obtains reward E(¢(M)) = [ ¢dv;
and a ‘gambler’ playing this game, with only nonanticipatory stop rules allowed,
obtains reward E(¢(X;)). Theorem 5.9 states that within this subcollection of
games, the gambler does worst under the martingale game (X:)o<i<1 having dis-

tribution va for the terminal r.v. X, and in this game the gambler obtains
reward E(¢(X1)) = [ ¢dva. (Compare to Section 4 of [8]; see also [2].)

If v € P* with zp = inf{z : v(—o00,2z] > 0} finite, then v is in the set
of p.m.’s of (5.4), and so there exists a martingale (Y3)o<:<1 satisfying Yp =
To,SUPp<i<y Yt 2y, and ¥; 2 vs. For this martingale, the inequality of (5.7)
is attainecf for all convex functions ¢ on R. From Lemma 1.4 of [8], it may be
assumed that the paths of (Y;)o<i<1 have the following property: for each w € §2,
there is some b(w) € (0, 1} for which Y;(w) is nondecreasing for ¢ in [0, b(w)), and

Sup Yi(w) = V)~ (w) 2 Yy)(w) = Yau(w) = Yi(w) for all u € [b(w), 1].

We give examples of such martingales for the examples of Section 2.

Example 5.5: (Continuation of Lemmas 2.5 and 2.6 and Examples 2.7). Let
v € P} , a maximal p.m., as in (2.7) and Lemma 2.6, with left inverse F;! defined
on probability space ([0,1], B([0,1]), m). Assume zq := inf{z : v(—00,2] > 0}
is finite. The associated minimal p.m. v, is then in £, with f zdva = o,
and its left inverse F,! is given by (2.16). Define the filtration {F} by F¢ =
a{B([0,1)),(t,1]} for 0 < t < 1 and Fo = {¢,[0,1]}. Then the stochastic pro-
cess (Ye)oci<1 defined by Y; = E(F;!|F;) is a martingale with respect to {F:}
satisfying Yo = [ zdva = 2o and ¥; = F;!. From Lemma 2.5 and the remarks

thereafter, it is clear that (Y)o<t<1 has representation
(5.8) Yi(w)=F'(w) if0<w<t<l, and =F;'(t) f0<t<w<]l

for 0 < w < 1, and that supy¢,<; ¥: = F,"!. This martingale (¥:)o<e<1 attains
the inequality (5.7) simultaneously for all convex functions ¢ on R (provided
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J édva exists). For example, if v is exponentially distributed with parameter
one, v is given in Example 2.7(i), and the martingale (Y;)o<¢<1 of (5.8) is given
by

Yi(w)=-1-log(l-w)if 0<w<t<1and =~log(l—-¢t)if0<t<w< 1

In this case, examples of inequality (5.7), with ¢(z) = |z + 1|? with p > 1 and
#(z) = =+ with ) < 1, are

E(Y1 +1)=T(p+1) < E(|X1 +1}*), and
E(Y) = (1= \)te™ < E()

for all martingales (X¢)o<t<1 with Xy = 0 having SUPo<i<i X exponentially
distributed with parameter one.

Example 5.6: Continuation of Lemma 2.8 and Examples 2.9. Forv = (1/3)eq +
(1/3)e1 +(1/3)e2, define random vector (Xo, X1, X2) by (Xo, X1,X2) =(0,1,2),
(0,1,0) and (0, —2, —2) with probability 1/3 each; and for ¥ = (1/3)eo+(1/9)e1 +
(5/9)e2, define random vector (Xo,X1,X2) by (Xo,X1,X2) = (0,2,2),(0,1,2)
and (0,1,-5/2) and (0, —5/2, —5/2) with respective probabilities 1/6,7/18,1/9,
and 1/3. Define processes (¥;)o<1<1 by Ve = Xo iff 0 <t < 1/3,= X; if 1/3 <
t <2/3,and = X; if 2/3 <t < 1, and define filtrations (F¢)o<e<1 by Fr = {4, 0}
if0<t<1/3,=0(Xo)if1/3 <t <2/3,and = o(Xo,X1)if2/3<t <1
Then each process (Y;)o<t<1 is a martingale with respect to the respective (F),
satisfying Yy = 0,supyc;<y V3 2 v, and 1) 2 va, where p.m.’s v5 were given in
Examples 2.9. For the Eir;t p.m. v, the martingale (¥;)o<¢<1 is analogous to that
of (5.8); but for the second p.m., the analogy breaks down.
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